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We consider the quantum field theoretical formulation of boson field mixing and obtain the exact 
oscillation formula. This formula does not depend on arbitrary mass parameters. We show that the 
space for the mixed field states is unitarily inequivalent to the state space where the unmixed field 
operators are defined. We also study the structure of the currents and charges for the mixed fields. 



I. INTRODUCTION 



o 
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• Particle mixing and oscillations (for a recent review, see Ref . Q| ) are among the most intriguing topics of Particle 
Physics. The mixing of neutrinos and their oscillations seem to be now experimentally established after a long search 
P-h ■ P|- On the other hand, quark mixing and meson mixing are widely accepted and verified However, many features 
iy-j ' of the physics of mixing are still obscure, for example the issue related to its origin in the context of Standard Model 
and the related problem of the generation of masses j| . 

Also from a purely mathematical point of view, there are aspects which are not fully understood. Indeed, only 
recently a rich non-perturbative vacuum structure has been discovered to be associated with the mixing of fermion 
fields in the context of Quantum Field Theory (for a mathematically rigorous approach see Ref. [[|). The careful 
study of such a structure Q has led to the determination of the exact QFT formula for neutrino oscillations ||[)| , 



OO 

i exhibiting new features with respect to the usual quantum mechanical Pontccorvo formula 10 1. Actually, it turns 
f—\ ' out 0JT| that the non-trivial nature of the mixing transformations manifests itself also in the case of the mixing of 
— i , boson fields. Of course, in this case the condensate structure for the "flavor" vacuum is very much different from the 
fermion case and a careful analysis is necessary in order to understand which phenomenological consequences are to 
"p^ ! be expected for the oscillations of mixed bosons. 

In this paper, we perform this analysis first at a formal level and then we study the oscillations of mixed mesons of 
the kind of the K° — K°. We will treat these particles as stable ones, an approximation which however does not affect 
the general validity of our results. In the framework of the QFT analysis of Refs. f^jlll, a study of the meson mixing 
and oscillations has been carried out in Ref. |12||, where modifications to the usual oscillation formulas, connected 



with the vacuum structure, have been presented. However, the results of Ref. 12 can be improved in many respects 
and in the present paper we show that the oscillation formula there obtained has to be actually replaced with the 
, exact one here presented. 

In Section II we study the quantum field theory of two mixed spin-zero boson fields. In Section III we analyze the 
structure of currents for mixed fields and we derive the exact oscillation formula in Section IV. Section V is devoted 
to conclusions. Some mathematical derivations are given in the Appendix. 



II. MIXING OF BOSON FIELDS IN QFT 

The observed boson oscillations always involve particles with zero electrical charge. What oscillate are some other 
quantum numbers such as the strangeness and the isospin. Therefore, in the study of boson mixing we have to 
consider always complex fields. The charge in question is some "flavor charge" (e.g. the strangeness) and thus 
the complex fields are "flavor charged" fields, referred to as "flavor fields" for simplicity. 

We define the mixing relations as: 

(/)a(x) = 4>i(x) cos0 + 4>2(x) sin 9 

4>b{x) = — 4>i{x) sa\0 + 4>2{x) cos# (1) 

where generically we denote the mixed fields with suffixes A and B. Let the fields 4>i(x), i = 1,2, be free complex 
fields with definite masses. Their conjugate momenta are iTi(x) = do(j)l(x) and the commutation relations are the 
usual ones: 
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[Mz),^-(y)L =t , = \4>\{x)M{y)\ . = iS 3 (x-y)S,, 



t=f 



*,i = i,2. 



with the other equal-time commutators vanishing. The Fourier expansions of fields and momenta are: 

d 3 k 



"W= i /|ji/¥K< e, """-^ e -""") 



'ikx 



(2) 



(3) 



(4) 



where LOk.i = -\/k 2 + mf and 



<5 3 (k — p)5y , with i,j = 1,2 and the other commutators 



vanishing. We will consider stable particles, which will not affect the general validity of our results. 

We now proceed in a similar way to what has been done in Ref. Q for fermions and recast Eqs.([l]) into the form: 

(j )A {x)^G e \t)<j )1 {x)Gg{t) (5) 

tf> B ix) =Gg\t) fa(x) G e {t) (6) 

and similar ones for tta(x), ttb(x). Gg(t) denotes the operator which implements the mixing transformations (H): 



Gg(t) = exp 



d 3 x (tti(x)4>2(x) - <f>\(x)irl(x) - ^2(1)^1(0;) + (t>\{x)ir\{x) 



(7) 



which is (at finite volume) a unitary operator: G g 1 (t) = G-$(t) = G\(t). The generator of the mixing transformation 
in the exponent of Gg(t) can also be written as 



The operators 



together with 



G 9 (t) =exp[0(£+(t)-S_(t))] . 
S+(t) = Sl(t) = -i [ d 3 x (7ri(a;)^a(s) - 4>\{x)n\{x)) , 



S 3 = I d 3 x (ni(x)4>i(x) - 4>\{x)tt\(x) - 7r 2 (a;)0 2 (a;) + <f>\(x)ir\(x)^ 



d 3 x (tti(x)^>i(x) — 4>\{x)tt\(x) + TT2(x)4>2(x) — 4>\(x)-k\(x) 



(8) 



(9) 



(10) 



(11) 



close the su(2) algebra (at each time t): [S+(t), S- (t)] = 25 3 , [S3, S±(t)] = ±S±(t) , [S , S 3 ] = [So, S±(t)] = 0. Note 
that 5*3 and So are time independent. It is useful to write down explicitly the expansions of the above generators in 
terms of annihilation and creation operators: 



S+Qt) = J d 3 k(u£(t) a kl a k , 2 -V£(t) 6_ k ,ia k)2 + V k (t) a^bl^ - U k (t) &-k,i&-k, 2 ) 
S-(t) = J d 3 k (u k (t) al 2 a K1 - V k (t) 4,2 & -k,i + t£(t) &_ k ,2a k ,i - U£(t) &- k>2 &l k>1 ) 



^3 = ^ J d 3 k (a kl a k ,i - &l kjl &- k ,i - a k 2 a k , 2 + &l k>2 &- k ,2 



&-k,l + «k.2 a k,2 - frt k .2 & -k,2 



(12) 

(13) 
(14) 
(15) 
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As for the case of the fermion mixing, the structure of the generator Eq. (Q) is recognized to be the one of a rotation 
combined with a Bogoliubov transformation (see below Eqs.(]2l|)-(|24|)). Indeed, in the above equations, the coefficients 
U k (t) = \U k \ e^K2-u k ,i)t and y k ( t j - |y k | e i{u k ,i+w k>3 )t appear to be the Bogoliubov coefficients. They are defined 
as 



and satisfy the relation 

|f/ k | 2 -|14| 2 = l, (17) 

which is in fact to be expected in the boson case (note the difference with respect to the fermion case ofRef. [§). We 
can thus put \U k \ = cosh £ k )2 , \V k \ = sinh^^, with £ k 2 = iln^^-. 

We now consider the action of the generator of the mixing transformations on the vacuum 1 0} i ; 2 f° r the fields 
4>i.2(x): ak.i|0)i.2 = 0, i = 1,2 . The generator induces an SU(2) coherent state structure on such state jL4|: 

\0(e,t)) AiB =Gg\t)\0) li2 . (18) 

From now on we will refer to the state \0(8,t)) AB as to the "flavor" vacuum for bosons. The suffixes A and B 
label the flavor charge content of the state. We have A B (O(0,t)|O(#, t)) A B = 1. In the following, we will consider 
the Hilbert space for flavor fields at a given time t, say t = 0, and it is useful to define \0(t)) A B = \0(9,t)) A B and 
\0) A B = \0(6,t = 0)) A B for future reference. A crucial point is that the flavor and the mass vacua are orthogonal in 
the infinite volume limit. We indeed have (see Appendix): 

i, 2 (0|0(t)) A , B = J] i, 2 <0|G k ^(<)|0) li2 = J] fZ(8) , for any t, (19) 

k k 

where we have used = J] G k e(0 ( see E( l s -(1|)> © and @ )■ In the infinite volume limit, we obtain 

k 

lim h2 (0\Q(t)) AB = lim 1 d3fc lnf ° {e) = , for any t. (20) 

V — >oo ' ' V — >oo 

From the Appendix, Eq.(|66|), we see that In / k (0) is indeed negative for any values of k, 9 and TOi,to 2 (note that 
< 9 < tt/4). We also observe that the orthogonality disappears when 9 = and/or mi = m 2) consistently with 
the fact that in both cases there is no mixing. These features are similar to the case of fermion mixing Jjfl: the 
orthogonality is essentially due to the infinite number of degrees of freedom |H||l6| (The statement of Ref. [|l2j that 
in the boson case the above vacua are orthogonal also at finite volume has to be therefore corrected according to the 
present result). 

We can define annihilation operators for the vacuum \0(t)) AB as a k 

,a(M) = Gq 1 ^) Ok,i Gg(t), etc.. with 
o-\l,a{8, t)\0(t)) a b = 0. For simplicity we will use the notation a^A(t) = ak y A(0,t). Explicitly, we have: 



a k , A (t) =cos9aw,! + sin0 (u£{t) a k , 2 + V k (t) bl k2 j > ( 21 ) 

a KB {t) = cos0a k , 2 - sin0 (u k (t) a k ,i - V k (t) &l kl ) , (22) 

b-u, A (t) = costf 6_ kil + sine (lli(t) 6_ k , 2 + V k (i) a k2 ) , (23) 

&-k,s(i) = cos0&_ k>2 - sinfl (u h (t) 6_ k ,i - V k (i)a k l ) . (24) 



These operators satisfy the canonical commutation relations (at equal times). In their expressions the Bogoliubov 
transformation part is evidently characterized by the terms with the U and V coefficients. The condensation density 
of the flavor vacuum is given for any t by 

a,b (0W|aL«k,i|0(t)) A>B = a,b (0(*)|& t _ k /-k,i|0(t)) A , B = sin 2 9 \V k \ 2 , i = 1, 2 . (25) 



It is useful to note that |Vk| 2 can be written as a function of the rescaled momentum p — y &nd of the 

2 2 

adimcnsional parameter a _ 

* 7717+7712 
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(26) 



from which we see that the condensation density is maximal at p — (|V^ la2; | 2 = ^""m ) an< ^ S oes to zer0 f° r l ar g e 
momenta (i.e. for |k| 2 ^> ? "i '" 2 ), Note that the corresponding quantity in the fermion case is limited to the value 
1/2 and the momentum scale is given by ^Jm\m2- A plot of \V(p, a)\ 2 is presented in Fig.l for sample values of the 
parameter a. 



\V(p,a)\> 



Figure 1: The condensation density \V(p, a)\ 2 as a function of p for a — 0.98 (solid line) and a = 0.92 (dashed line). 



A. Arbitrary mass parameterization 

Above we have expanded the mixed fields 4>a,b in the same basis as the free fields 0i,2- However, as noticed in Ref. 
for the case of fermion mixing, this is not the most general possibility. Indeed, one could as well expand the flavor 
fields in a basis of fields with arbitrary masses. Of course, these arbitrary mass parameters should not appear in the 
physically observable quantities. Thus, as a check for the validity of the oscillation formula we are going to derive in 
Section IV, it is important to consider this generalization. Let us first rewrite the free fields </>i.2 in the form 



d 3 k / 



where we have introduced the notation 
<<(*) = ' 



Mx) = J W) 

77-TT Uk,<(*)oL - u -k,i(*)&-k,i 

(27f) 2 \ 



zk-x 



—iuk.it 



-k.i 



(*) = 



\/2wav 



ik-x 



1 = 1,2, 



«-k,i(*) = V~2~ 



: = i,2 



(27) 
(28) 

(29) 
(30) 



We now define 
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P&W = <Jt)<At) + ^k,a(*)«-k l/9 (*) = e^*--*.^* cosh ^ , (31) 
A&(t) = "Ik.aW^./jW " < a (*)«-k,/9(*) = e-*^*-^)* sinh , (32) 



£ =i m ^ , a,/3 = l > 2,4S, (33) 
2 Wfc j( 8 



M») = / -— r «„(*) ak,,(*) + </ k>CT (*) &l k>CT (*)) e* x , a = A,B , (34) 
J (27r)2 v / 



where ujk ia = -\/^ 2 + A*a- We denote with ^ and /is the arbitrary mass parameters while /ii = mi and = TO2 are 
the physical masses. Note that p k 2 (i) = Uk(t) and A k 2 (£) = Vk(t). We can now write the expansion of the flavor fields 
in the general form (we use a tilde to denote the generalized ladder operators): 

(27 

which is to be compared with the expansion in the free field basis as given in Eqs. ([|): 

Mx) = I (£y§ akAt) + v - k ' i(t) b - k <° {t) ) e<k ' x ' (35) 

where (a, i) — (A, 1), (B, 2). The relation between the two sets of flavor operators is given as 
/ 5 kl<r (t) \ / a k>ff (t) \ ( p£(f) \*i(t) \ ( a v ,„(t) \ 

J(t) = exp <Pkg ti [atjt^Jt) - 6- k , CT (t)a k , CT (i)] j , (37) 



with £ k j = | In ^p-- For /i^ = mi and [is = mi one has J = 1. Note that the transformation Eq.(|3q) is in fact a 
Bogoliubov transformation which leaves invariant the form a k -(fya^ait) — „(i)b—k 1<r (t). 

III. THE CURRENTS FOR MIXED BOSON FIELDS 

Before presenting the exact oscillation formula, let us investigate in this Section the structure of currents and charges 
for the mixed fields. This will enable us to identify the relevant physical observables to look at for flavor oscillations. 
Since we are here interested in vacuum oscillations, in the following we neglect interaction terms and only consider 
the free field Lagrangian for two charged scalar fields with a mixed mass term: 

C(x) = d^\{x) d^ f (x) - & f (x)M® f (x) , (38) 
with <Pj = {Mb), M = ( ™t A m J B ) . By means of Eq.©, 

(cos 8 sin 8 \ 
. a A ®m(x) , (39) 
— sin 8 cos 8 I 

C becomes diagonal in the basis = (</>i, (fo): 

C(x) = d^ m (x) d^ m (x) - & m {x)M d <S> m {x) , (40) 

where — diag{m\ , to 2 , ) and m\ = cos 2 8 + to 2 sin 2 8 , m B — to 2 sin 2 8 + m\ cos 2 8 , m\ B — (ml — to 2 ) sin 8 cos 8 . 

The Lagrangian C is invariant under the global U(l) phase transformations <f>J Tl = e M $ m : as a result, we have 
the conservation of the Noether charge Q = J d 3 xl°(x), which is indeed the total charge of the system (we have 

I»(x) =i& m {x) $ m (x) with = - B 1 ). 
Let us now consider the SU(2) transformation 

& m (x) = e ia ^ $ m (x) , j = 1,2, 3, (41) 
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with a.j real constants, Tj — Cj/2 and crj being the Pauli matrices. For mi ^ ra%, the Lagrangian is not generally 
invariant under ( [i"l| ) and we obtain, by use of the equations of motion, 

5C(x) = -i a, & m (x) [M d , Tj ] ® m {x) = -a 3 d» J^{x) , (42) 

J m ^(x) = 1 $l(x) Tj # $ m (x) , j = l, 2, 3. (43) 

The corresponding charges, Q m ,j(t) = J d 3 x j(x), close the su(2) algebra (at each time t). The Casimir operator 

r 3 -13 

C m is proportional to the total charge: C m = Qmj(t) = \Q- Observe also that the transformation induced 
by Q m ,2(*), 

^(z) = e -^Q m , 2 (t) $m(a;)e 2ieQ m , 2 ( i ) (44) 

is just the mixing transformation Eq . (|39|) . Thus 2Q m p(t) is the generator of the mixing transformations. Moreover, 
Qm,±(t) = \{Qm,i{t) ± iQ m ,2{t)), Qm,3, and C m are nothing but S±(t), S3, and So, respectively, as introduced in 
Eqs.(p|)-(pr|). From Eq.(^2[) we also see that Q m ,3 and C m are conserved, consistently with Eqs.(^4|)-(|l5|). Observe 
that the combinations 

Q 1 , 2 = \Q±Q m ,z (45) 
Qi = J d 3 k (al ^i - 6l kii 6-k,<) , i = 1,2, (46) 

are simply the conserved^ (Noether) charges for the free fields 4>\ and 4>2 with Qi + Q2 = <3- 
We now perform the SU(2) transformations on the flavor doublet <£>/: 

& f (x) = e ia i T >$ f (x) , j - 1,2,3, (47) 

and obtain: 

SC(x) = -i a, & f (x) [M, 73] = -a, M J^x) , (48) 

j£ j (x)=i*\(x)T j & $ f (x) , j=l,2,3. (49) 

The related charges, Qf,j(t) = J d 3 x ■ ; (x), still fulfil the su(2) algebra and Cf — C m — \Q. Due to the off- 
diagonal (mixing) terms in the mass matrix M, Qf t a(t) is time-dependent. This implies an exchange of charge between 
<pA and 4>b, resulting in the flavor oscillations. This suggests to us to define indeed the flavor charges as 

Q A (t) = \q + Qf,3(t) , (50) 
Q B (t) = \q - Q/, 3 (t) , (51) 

with Qa(£) + Qs(i) = Q- These charges have a simple expression in terms of the flavor ladder operators: 

Qa(t) = J d 3 k (al jt)a Ka (t) - bl k a (t)b_ Ka (t)) , a = A, B . (52) 

This is because they are connected to the Noether charges Qi of Eq. (fhf) via the mixing generator: Q a {t) = 
Gj (j)QjGg(t), with (a, i) = (A, 1), (B, 2). Note that the flavor charges are invariant under the transformation 
Eq.©. 



1 Note that, in absence of mixing, these charges would indeed be the flavor charges, being the flavor conserved for each 
generation. 
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IV. THE OSCILLATION FORMULA FOR MIXED BOSONS 



Let us now calculate the oscillation formula for mixed bosons. We will first follow the approach of Ref. 12 and 
show that the oscillation formulas there presented exhibit a dependence on the arbitrary mass parameters \i a , a 
feature which is not physically acceptable. We will do this by using the generalized operators introduced above. Then 
we will show how to cure this pathology, in analogy to what was done in Refs. @|J, where the exact formula for 
neutrino oscillations was derived and it was shown to be independent from the arbitrary mass parameters that can 
be introduced in the expansions of the flavor fields. 

A. The oscillation formula of Binger and Ji 

Following Ref. |l2|] , let us define the (generalized) flavor state by acting on the mass vacuum (0)1,2 with the flavor 
creation operators (we omit momentum indices): 

\a A ) = a A \0)i i2 = Pai cos 0\a\) + p A2 sin6»|a 2 ) . (53) 



with |aj) = at jO). As already discussed in Ref. |12|, the flavor state so defined is not normalized and the normalization 
factor has to be introduced as 

Ma = (oa|2a) = Pai cos2 # + p\i sm2 # • (54) 

We have 

(a A \N A \a A ) = (Pai + A| x ) cos 2 6 + (p A2 + A A2 ) sin 2 9 . (55) 
The oscillation formula then follow as: 

(a A (t)\N A \a A (t)) = (a A \N A \a A ) - sin 2 g cos 2 Q sin 2 t ( 56 ) 

M A \ 2 / 

and a similar one for the expectation value of Nb- From the above, as announced, it is evident that these formulas 
explicitly depend on the (arbitrary) parameters p a (see Eq.(|3~l|)). We also note that, for pa = mi and Pb = m 2> onc 
has pai = 1, Xai = 0, pA2 = U and Xa 2 = V. Consequently, Eqs.(|55|), j5^ ) reduce respectively to Eqs.(18) and (20) 
of Ref. || . 

B. The exact oscillation formula 

We now show how a consistent treatment of the flavor oscillation for bosons in QFT can be given which does not 
exhibit the above pathological dependence on arbitrary parameters. 

There are two key points to be remarked. A general feature of field mixing is that the number operator for mixed 
particles is not a well-defined operator. It is so because the mixing transformations mix creation and annihilation 
operators and then the annihilation (creation) operators for flavor particles and antiparticles do not commute at 
different times (see Eqs.(^l|)-(^)). Moreover, the number operator does depend on the arbitrary mass parameters. 
Much care is therefore required in the use of the number operator. A second remark is that the flavor states are not 
to be defined by using the vacuum (0)1,2: the flavor states so defined are in fact not normalized and the normalization 
factor Eq.fQ) depends on the arbitrary mass parameters. 

These two difficulties can be bypassed by using the remedy already adopted in Refs. [|]||] f° r t ne case 01 fermions: 
the flavor states have shown to be consistently defined by acting with the flavor creation operators on the flavor 
vacuum. The observable quantities are then the expectation values of the flavor charges on the flavor states: the 
oscillation formulas thus obtained do not depend on the arbitrary mass parameters. 

In the line of Refs. ||D, l et us now define^ the state of the aA particle as \ciu,a) a b = ^(0)10) A B and consider 
the expectation values of the flavor charges (p2[) on it (analogous results follow if one considers \a^B) A B )- We obtain: 



2 In the following, we will work in the Heisenberg picture: this is particularly convenient in the present context since special 
care has to be taken with the time dependence of flavor states (see the discussion in Ref. H). 



7 



(ak,A|Qcr(Ol a k,A) 



a = A,B. 



(57) 



We also have A , fl (0|<2k, CT (t)|0) A , B = and Q KA (t) + Qk,4*) = L 

A straightforward direct calculation shows that the above quantities do not depend on /it ,4 and /is, i.e.: 



(a^A\Qk,tr{t)\a k 



A 



(ak,A|Qk,<r(i)l a k. 



a; 



IB, 



(58) 



and similar one for the expectation values on |ak,s) A B - Eq.(|5S|) is a central result of our work: it confirms that the 
only physically relevant quantities are the above expectation values of flavor charges. Note that expectation values 

~ r~ ~t l 2 

of the number operator, of the kind A B (a^A\N a (t)\a^A) A B — ^^(t), a k A (0) and similar ones, do indeed 

depend on the arbitrary mass parameters, although the flavor states are properly defined (i.e. on the flavor Hilbert 
space). The cancellation of these parameters happens only when considering the combination of squared modula of 
commutators of the form Eq. (|57|)P|. A similar cancellation occurs for fermions || with the sum of the squared modula 
of anticommutators. 

Finally, the explicit calculation gives 



Qk,A(t) = \a KA (t),al A (0) 



&Ua(*)>4,a(0) 



1- sin 2 (26») 



2 sin 2 



^fe,2 — Wfei 



\Vk\ 



2 sin 2 



Wfc, 2 + U k , 



(59) 



Qk,s(i) — »k : S 



6Ub(*).4.a(0) 



sin 2 (26>) 



|[/ k | 2 sin 2 



Wfc,2 — <^fc,l 



|Vk 



sin 2 ( "*.* +u ^ t 
V 2 



(60) 



Notice the negative sign in front of the |Vk| 2 terms in these formulas, in contrast with the fermion case |^,^|: the 
boson flavor charge can assume also negative values. This fact points to the statistical nature of the phenomenon: it 
means that when dealing with mixed fields, one intrinsically deals with a many-particle system, i.e. a genuine field 
theory phenomenon. This situation has a strong analogy with Thermal Field Theory (i.e. QFT at finite temperature) 
Jill , where quasi-particle states are ill defined and only statistical averages make sense. Of course, there is no violation 
of charge conservation for the overall system of two mixed fields. 

The above formulas are obviously different from the usual quantum mechanical oscillation formulas, which however 

2, 2 

are recovered in the relativistic limit (i.e. for |k| 2 ^> mi 2 ™ 2 ). Apart from the extra oscillating term (the one 
proportional to |Vk| 2 ) and the momentum dependent amplitudes, the QFT formulas carry the remarkable information 
about the statistics of the oscillating particles: for bosons and fermions the amplitudes (Bogoliubov coefficients) are 
drastically different according to the two different statistics (|?7k| and |Vk| are circular functions in the fermion case 
and hyperbolic functions in the boson case). This fact also fits with the above mentioned statistical nature of the 
oscillation phenomenon in QFT. Note also that our treatment is essentially non-perturbative and in this differs from 
other QFT approaches to particle mixing and oscillations (see for example Ref. 17 for a review). 

In order to better appreciate the features of the QFT formulas, it is useful to plot the oscillating charge in time for 
sample values of the masses and for different values of the momentum (we use same units for masses and momentum) . 
It is evident how the effect of the extra oscillating term is maximal at lower momenta (see Figs. 2 and 3) and disappears 
for large k (see Fig. 4) where the standard oscillation pattern is recovered. In the following plots we use 
and assume maximal mixing. 



47T 



3 One may think it could make sense to take the expectation value of the flavor charges on states defined on the mass Hifbert 
space, as the ones defined in Eq,(|53|). A direct calcuiation however shows that this is not the case and these expectation values 
depends on the mass parameters: the conclusion is that one must use the flavor Hilbert space. 
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Figure 3: Plot of Qk,s(i) in function of time for k = 10, mi = 2, m-z = 50 and 6 = 7r/4. 




the momentum. In Figure 5 we plot Qk,s(0 averaged over two different time intervals, i.e. for n — 10 and n = 100: 
it is interesting to observe how the larger is the time interval, the more the curve converges to the average of the 
standard formula, which has the value \. The behavior for large k is due to the fact that, as already observed, the 
exact oscillation formula reduces to the quantum mechanical oscillation one in the large momentum limit (i.e. for 

0.55 r 

<2k,B 




0.45 L 

Figure 5: The time average of Qk,s(t) over 10 Tk (dashed line) and over 100 Tk (solid line) with respect to the average 
of the standard oscillation formula (horizontal axis) as a function of k for the values mi = 2, m,2 = 50 and 6 — n/4. 
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V. CONCLUSIONS 



In this paper we have considered the quantum field theoretical formulation of spin-zero boson field mixing and 
obtained the exact oscillation formula which does not depend on arbitrary mass parameters which can be introduced 
in full generality in the theory. We have also studied the structure of the currents and charges for the mixed fields. 
In order to make our discussion more transparent, we neglected the instability of the oscillating particles. This does 
not affect the general validity of our result which rests on the intrinsic features of QFT. 

A crucial point in our analysis is the disclosure of the fact that the space for the mixed field states is unitarily 
inequivalent to the state space where the unmixed field operators are defined. This is a common feature with the QFT 
structure of the fermion mixing, which has recently been established (^^). The vacuum for the mixed fields turns 
out to be a generalized SU(2) coherent state. Of course, in the boson case the condensate structure for the "flavor" 
vacuum is found to be very much different from the one in the fermion case. Besides the intrinsic mathematical 
interest, our analysis provides interesting phenomenological insights. It leads to the exact oscillation formula for 
bosons which predicts oscillation behaviors susceptible of being experimentally tested. 

In fact, in the framework of the QFT analysis of Refs. H|ll), a study of the meson mixing and oscillations has been 
already carried out in Ref. [Q and applied to the 77 — 77' oscillation. However, the results of Ref. [ 
quantities which are dependent on arbitrary mass parameters, and this is of course physically not acceptable, as 
observed in Ref. . In the present paper we have pointed out the origin of such a pathology and have shown how 
to obtain results which are independent from arbitrary parameters. The oscillation formula obtained in Ref. [jl2| has 
to be actually replaced with the exact one here presented. In order to compare our results with the ones of Ref. jl2| , 
we presented in Fig. 6 a plot of charge oscillations for r\ — rf at zero momentum, in correspondence to what has been 
done in Ref. @. 
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Figure 6: Plot of Qk,n(t) (solid line) and Qk,r/M (dashed line) in function of time 
for an initially pure r\ state and for k = 0, mi = 549 MeV, mi = 958 MeV and 6 = —54°. 



Let us close by observing that although our QFT analysis discloses features which cannot be ignored in any further 
study of the field mixing and oscillations, since they are intrinsic to the structure of the QFT formalism, nevertheless 
there are many aspects which are not fully understood and many features of the physics of mixing are still obscure [[l] , 
as already observed in the introduction. The mixing of neutrinos and their oscillations seem to be now experimentally 
established and quark mixing and meson mixing are widely accepted and verified. However, several questions jl^ |2^] 
are the object of active discussion in the framework of the quantum mechanics formalism for neutrino oscillations. 
As a matter of fact, such a state of affairs has been a strong motivation for our searching in the structural aspects of 
QFT a possible hint to the understanding of particle mixing and oscillations. 
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Appendix: Orthogonality between mass and flavor vacua 

We calculate here i,2(0|0(#, f)) A B . In the following we work at finite volume (discrete k) and suppress the 
time dependence of the operators when t — 0. Let us first observe that |O(0,t)) AB = e lHt \0(9, 0)} A B , with 

ff=££wfc,if4i < * M + & -ki & -i t ,iY Thus we have i,a<0|0(d,t)) A>s - i, 2 (O|O(0, 0)> A , B - 

»=1 k V ' 

We then define n/oW = II l,2(0|G k e( )l°)i.2 and observe that 

k k 

^fo(V) = \Vk\ i,2<0|(6-k,iOk,a + &-k, 2 ak,i)G ! k " ) 1 e |0) 1)2 (61) 
= -|Vk| 1 , 2 <0|G^(4,2&-k,i + <i^k, 2 )|0)i,2 , (62) 
where, we recall, |Vk| = Vk(0) in our notation of Section II. We now consider the identity 

(&-k,ldk,2 + ^-k,2ak,l)G k g = G k gG k 1 _ (6_k,l a k,2 + &-k,2£lk,l)Gk,-0 

= G^ e [b_ KA {-0)a KB (-e) + b_ kjB (-6)a k>A (-6)] . 

Then the equation follows 
d 



de 



/ o k (0) = -2|y k | 2 co S esm&/ k (&)+ S m 2 ^|yk^,2{0|G^(4 !2 6L k , 1 +4,i^k,2)|0)i,2 (63) 
= -2 |^k| 2 cos#sin0/ k (0) - sin 2 0|Vk| 2 ^/ o k (0) (64) 



and 



which is solved by 



!*">~S?w* w - (65) 



# W = n ■ 2 fl | V , 2 ■ (66) 

1 + sm 0|Vk| 



with the initial condition / k (0) = 1. 

We observe that we can operate in a similar fashion directly with / k (0, i) = i,2(0|G k "g(t)|0)i i 2- We then find that 
fo(0,t) is again given by Eq.(|6^) and thus it is actually time- independent. We also note that by a similar procedure 



it can be proved that lim A (0(9, t)\0(0', t)) A B -> for 9' ^ 
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